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Abstract
We show that a bipartite Gaussian quantum system interacting with an external Gaus-
sian environment may possess a unique Gaussian entangled stationary state and that
any initial state converges toward this stationary state.Wediscuss dependence of entan-
glement on temperature and interaction strength and show that one can find entangled
stationary states only for low temperatures and weak interactions.

Keywords Open quantum system · Gaussian state · Entangled state

1 Introduction

The theory of open quantum systems is a fundamental tool of research in quantum
mechanics and its applications because, in reality, every system interacts with an
external environment. The effect of the interaction is generally that of a disturbing
noise that may be small, but it can hardly be neglected. Luckily, recent results suggest
that one can also take advantage of the presence of noise in some efficient way to
generate or enhance certain properties of the system states such as entanglement (see
[1–5] and the references therein).

Entanglement is a distinctive feature of quantum states and a key resource in quan-
tum information, computing and communication.Generating and stabilizing entangled
states is a difficult task. A strategy known as quantum reservoir engineering where
the coupling to the environment provides the dissipation required for stabilization has
been recently investigated ([6]). It has been demonstrated that entangled steady states
arise in the presence of dissipation for finite dimensional (mostly fermion) systems
([2–5]). An approach for generating highly pure, highly entangled two-mode squeezed
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states of two mechanical oscillators via coupling to a driven cavity mode has also been
considered ([7, 8]).

For infinite-dimensional boson systems, there is doubt whether it is possible to
find entangled Gaussian states that come into play in various important quantum
information processing activities such as entanglement distillation. In [9], the authors
consider a set of bosonic modes with strictly positive quadratic Hamiltonian

̂HS =
∑

i, j

αi j a
+
i a j , (1)

where (αi j )i, j is any Hermitian matrix; and which is divided between an arbitrary
number of parties that each couple weakly to reservoirs at different temperatures.
They show that, in such setting, the steady state between the parties of the system
is always separable. In this paper we show that, dropping condition (1) (see (2)),
entanglement generation and stabilization is possible by appropriate modulation of
squeezing parameters.

A big challenge when investigating open quantum systems is to characterize
invariant states when they are coupled to environments that drive the system out of
equilibrium (see [10–12]). However, in the case of Gaussian Markov systems, explicit
formulas ([13–17]) allow one to write invariant states and analyze them. Furthermore,
necessary and sufficient conditions ([18, 19]) are available to establish whether a
certain state of a bipartite system is entangled or not.

In this article, we consider a bipartite Gaussian system consisting of two one-mode
subsystems with Hamiltonian

HS = ω

2

(

a1a
†
2 + a†1a2

)

+ κ

2

2
∑

j=1

(

a2j + a†2j

)

(2)

where a j and a†j are the usual creation and annihilation operators and ω, κ real con-
stants. The parameter κ is needed to induce squeezing that is a necessary condition
for entanglement of quantum Gaussian states (see [20]).

First, we analyze the situation in which only one of the two parties is disturbed by
noise. A mode of the system interacts with a “reservoir” consisting of a damped and
pumped quantumharmonic oscillator (see [21] Sect. 2.2 andEq. (20) here)with inverse
temperature β. Applying known results on the asymptotic behavior of Gaussian open
quantum systems ([22]), we show that, if the constant κ �= 0, the reservoir temperature
and the system-reservoir coupling constant g �= 0 are small, the whole three-mode
Gaussian system has a unique Gaussian invariant state and any initial state converges
toward this invariant state in trace norm. Thenwe take its partial trace onto the bipartite
system and show that the bipartite Gaussian state we get is entangled if κ �= 0 is not
too small, comparable withω, say, for small reservoir temperatures and small coupling
strength. Theorem 10 and Corollary 11 provide more precise quantitative information.

Second, we analyze the situation in which both parties are disturbed by noise. We
show that for κ = 0 one always gets separable states (Proposition 13) but, for κ = 1
we get entangled states for small coupling strength and small temperatures of both
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reservoirs (Proposition 14). In this case, the difference in temperatures does not seem
as important as the other parameters. A more detailed analysis of the case in which the
temperatures are the same shows that a new intriguing feature emerges. Theorem 15
shows that the Gaussian steady state induced on the bipartite system is entangled in
the following cases: at low temperature for any system-reservoir coupling constant
g �= 0, at medium/low temperature for small values of g, at medium/high temperature
for small but not too small g.

We emphasize that, in both situations, external noises drive the system to an entan-
gled stationary state even if its initial state is separable because any initial state of
the system and reservoirs converges toward a unique invariant state by Theorem 7.
Moreover, our analysis of entanglement in terms of interaction strength and reser-
voir temperatures is exhaustive; for all their values we determine whether the unique
stationary state is entangled or separable.

The paper is organized as follows. We introduce definitions and notation for Gaus-
sian quantum Markov semigroups (QMS) in Sect. 2. In Sect. 3, we analyze the model
with noise interacting only with one party. The case of two independent noises acting
on both parties is studied in Sect. 4.

2 Gaussian states and quantumMarkov semigroups

Let h = �(Cd) be the d-mode Fock space on C
d and let (ek)1≤k≤d be the canonical

orthonormal basis of Cd . The Hilbert space h is isometrically isomorphic to �(C) ⊗
· · · ⊗ �(C) and the set of exponential vectors e f , also called coherent vectors, is total
in h. Let a j , a

†
j be the creation and annihilation operator of the Fock representation

of the d-dimensional canonical commutation relations (CCR) defined on the set of
exponential vectors by

a j e f = 〈e j , f 〉e f , a†j e f = d

dr
e f +re j

∣

∣

∣

r=0
.

The above operators are obviously defined on the linear manifold spanned by expo-
nential vectors that turns out to be an essential domain for all the operators considered
in this paper. This is also the case for field operators

q j =
(

a j + a†j

)

/
√
2 p j = i

(

a†j − a j

)

/
√
2. (3)

Unitary Weyl operators are defined on the exponential vectors via the formula

W (z)eg = e−‖z‖2/2−〈z,g〉ez+g z, g ∈ C
d .

By this definition 〈W (z)e f ,W (z)eg〉 = 〈e f , eg〉 for all f , g ∈ C
d , therefore W (z)

extends uniquely to a unitary operator on h. Weyl operators satisfy the CCR in the
exponential form, namely, for every z, w ∈ C

d ,

W (z)W (w) = e−i
〈z,w〉W (z + w). (4)
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Definition 1 A density matrix ρ is called a quantum Gaussian state if there exist
μ ∈ C

d and a real linear, symmetric, invertible operator S such that

ρ̂(z) = tr (ρW (z)) = exp

(

−1

2
� 〈z, Sz〉 − i� 〈μ, z〉

)

, ∀z ∈ C
d . (5)

In that case μ is said to be the mean vector and S the covariance operator and we will
denote it also with ρ(μ,S).

Here, � and 
 denote the real and imaginary parts of complex numbers, vectors
and matrices. It is useful to identify the real linear operator S on C

d with a matrix S
with real entries acting on R2d and complex vectors z = x + iy ∈ C

d with x, y ∈ R
d

with a vector z in R
2d . More precisely, z = [x, y]T (T denotes the transpose) and,

since Sz = S1z + S2z with S1, S2 complex linear, for every z ∈ C, we write

Sz =
[�S1 + �S2 
S2 − 
S1


S1 + 
S2 �S1 − �S2

] [

x
y

]

Conversely, given 2d × 2d matrix with real entries

S =
[

S11 S12
S21 S22

]

,

we can induce a real linear operator S on Cd via

Sz = ((S11 + S22)/2 − (S21 − S12)/(2i)) z + ((S11 − S22)/2 − (S12 + S21)/(2i)) z.

It is also useful to introduce a real linear operator J corresponding to themultiplication
by −i and note that

J z = −iz, J =
[

0 1ld
−1ld 0

]

.

where 1ld is the d × d identity matrix.

Remark 2 Recall that a real linear, symmetric, invertible operator S is a suitable covari-
ance operator of a Gaussian state if and only if

S − iJ ≥ 0, (6)

whereS and J are nowconsidered as complex linear operator onC2d (see [23] Theorem
3.1, with a little warning: J there is the multiplication by i instead of −i). Therefore
positivity is evaluated with respect to the usual complex inner product.

With the above notations, the covariance matrix of a zero-mean quantum Gaussian
state is related to second order moments by the following identities

2 tr(ρ p j pk) = S jk, 2 tr ( ρ q j qk) = S j+d k+d tr ( ρ {p j , qk}) = −S j k+d
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where j, k = 1, . . . , d and {·, ·} denotes the anti-commutator.
A simple necessary and sufficient condition for entanglement of bipartite Gaussian

state is known [19] Proposition 2 that translates at the level of density matrices the
partial transpose condition.

If Rα , α = 1, · · · , 2d are the canonical operators (position and momentum), the
commutation relations are

[Rα, Rβ ] = iJαβ1l2d ,

with the symplectic matrix J = (Jαβ) =
[

0 1ld
−1ld 0

]

. Suppose now the system consists

of two parties A and B of sizes dA and dB , Alice and Bob, respectively, to say, with
dA + dB = d. A product state of two Gaussian states on A and B with covariance
matrices SA and SB is again a Gaussian state with covariance the direct sum S =
SA ⊕ SB . Moreover, it was shown in [19] that a Gaussian state with covariance S of a
bipartite system consisting of parties A and B is separable, i.e., unentangled between
A and B if and only if there are covariance matrices SA and SB such that S ≥ SA⊕SB .

As was shown in [19, Proposition 2], a Gaussian state with a covariance S has

positive partial trace if S + iJ̃ ≥ 0, where J̃ =
[−JA 0

0 JB

]

. In other words, once this

fails we realize an entangled Gaussian state. Even more explicitly, in the case where
d = 2 of our interest, we have the following.

Theorem 3 Assume d = 2. A bipartite Gaussian state with covariance matrix S is
separable if and only if the matrix

˜S = S +

⎡

⎢

⎢

⎣

0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

⎤

⎥

⎥

⎦

(7)

is positive semidefinite.

We refer to [18–20] for results on entanglement of quantum Gaussian states and to
[24, 25] for further results, also in the infinite mode case.

A QMS T = (Tt )t≥0 is a weakly∗-continuous semigroup of completely positive,
identity preserving, weakly∗-continuous maps on B(h). The predual semigroup T∗ =
(T∗t )t≥0 on the predual space of trace class operators on h is a strongly continuous
contraction semigroup.

Gaussian QMSs (sometimes also called quasi-free semigroups [14]) can be intro-
duced through their generator which is unbounded but sufficiently well-behaved. It
can be represented in a generalized (since operators L�, H are unbounded) Gorini–
Kossakowski–Lindblad–Sudarshan (GKLS) form (see [16] Theorems 5.1, 5.2) as

L(x) = i [H , x] − 1

2

m
∑

�=1

(

L∗
�L� x − 2L∗

�xL� + x L∗
�L�

)

. (8)
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where 1 ≤ m ≤ 2d, and

H =
d

∑

j,k=1

(

	 jka
†
j ak + κ jk

2
a†j a

†
k + κ jk

2
a jak

)

+
d

∑

j=1

(

ζ j

2
a†j + ζ̄ j

2
a j

)

, (9)

L� =
d

∑

k=1

(

v�kak + u�ka
†
k

)

, (10)

	 := (	 jk)1≤ j,k≤d = 	∗ and K := (κ jk)1≤ j,k≤d = κT ∈ Md(C), are d × d
complex matrices with 	 Hermitian and K symmetric, V = (v�k)1≤�≤m,1≤k≤d ,U =
(u�k)1≤�≤m,1≤k≤d ∈ Mm×d(C) are m × d matrices and ζ = (ζ j )1≤ j≤d ∈ C

d .
Note that operators L� are closable therefore we will identify them with their

closure.
Clearly, L is well defined on the dense sub-∗-algebra of B(h) generated by rank

one operators |ξ 〉〈ξ ′| with ξ, ξ ′ ∈ D but the operators H , L� are unbounded and the
domain ofL is not the whole ofB(h). For this reason we associate with each x ∈ B(h)

a quadratic form on h with domain D × D

£(x)[ξ ′, ξ ] = i〈Hξ ′, xξ 〉 − i〈ξ ′, xHξ 〉
− 1

2

m
∑

�=1

(〈ξ ′, xL∗
�L�ξ 〉 − 2〈L�ξ

′, xL�ξ〉 + 〈L∗
�L�ξ

′, xξ 〉) (11)

An application of the minimal semigroup method yields the following

Theorem 4 There exists a unique QMS, T = (Tt )t≥0 such that, for all x ∈ B(h) and
ξ, ξ ′ ∈ D, the function t �→ 〈ξ ′, Tt (x)ξ 〉 is differentiable and

d

dt
〈ξ ′, Tt (x)ξ 〉 = £(Tt (x))[ξ ′, ξ ] ∀ t ≥ 0.

The domain of the generator consists of x ∈ B(h) for which the quadratic form £(x)
is represented by a bounded operator.

Weyl operators, in general, do not belong to the domain of the generator of T
because a straightforward computation shows that the quadratic form £(W (z)) is typ-
ically unbounded. However, one has the following explicit formula (see [14])

Theorem 5 Let (Tt )t≥0 be the quantum Markov semigroup with generalized GKLS
generator associated with H , L� as above. For all Weyl operator W (z), we have

Tt (W (z)) = exp

(

−1

2

∫ t

0
�〈esZ z,CesZ z〉ds + i

∫ t

0
�〈ζ, esZ z〉ds

)

W
(

et Z z
)

(12)

where the real linear operators Z ,C on C
d are

Zz =
[(

UTU − V TV
)

/2 + i	
]

z +
[(

UTV − V TU
)

/2 + iK
]

z (13)
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Cz =
(

UTU + V TV
)

z +
(

UTV + V TU
)

z (14)

Let Z � denote the adjoint of the real linear operator Z with respect to the scalar
product �〈·, ·〉, namely Z �z = Z∗

1 z + ZT
2 z. As an immediate consequence of Theo-

rem 5, one can show that the predual QMS of a Gaussian QMS preserves Gaussian
states

Proposition 6 If T is a Gaussian QMS, then T∗t (ρ(μ,S)) = ρ(μt ,St ) with

μt = et Z
�

μ −
∫ t

0
esZ

�

ζds, St = et Z
�

Set Z +
∫ t

0
esZ

�

CesZds. (15)

It can be shown (see [16] Theorems 5.1, 5.2) that a QMS T is Gaussian if maps T∗t
of the predual semigroup T∗ preserve Gaussian states.

For the purposes of this paper we need only consider zero-mean Gaussian states
and Hamiltonian H (9) with zero linear part, therefore, from now on, we assume
μ = ζ = 0. In this case, if the matrix Z is stable, namely its spectrum is contained in
the left-half plane { λ ∈ C | �λ < 0 }, it is clear from (15) that, the QMS T admits a
Gaussian invariant state with covariance matrix

∫ ∞
0 esZ

�
CesZds.

Somewhat complex but elementary calculations show that the complex linear oper-
ators on C

2d determined by Z and C are

Z = 1

2

⎡

⎣

�
(

(

U − V
)∗ (

U + V
)

)



(

(

U − V
)∗ (

U − V
)

)

−

(

(

U + V
)∗ (

U + V
)

)

�
(

(

U + V
)∗ (

U − V
)

)

⎤

⎦

+
[−
 (	 + K ) � (K − 	)

� (	 + K ) 
 (K − 	)

]

(16)

C =
⎡

⎣

�
(

(

U + V
)∗ (

U + V
)

)



(

(

U + V
)∗ (

U − V
)

)

−

(

(

U − V
)∗ (

U + V
)

)

�
(

(

U − V
)∗ (

U − V
)

)

⎤

⎦ (17)

It is known that Gaussian QMSs with a stable matrix Z are, in turn, stable in the
sense that each initial state converges toward a unique invariant state. More precisely,
by [22] Theorem 9, we have

Theorem 7 If Z is stable, the QMS T has a unique zero-mean Gaussian invariant
state with covariance matrix

S =
∫ ∞

0
esZ

∗
CesZds (18)

Moreover, any initial state converges in trace norm toward this Gaussian invariant
state. In particular, the Gaussian invariant state is also the unique normal invariant
state.

The same conclusion can also be obtained from arguments based on irreducibility
in [13, 26] taking care of domain conditions on G.
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In concrete models, the simplest way to calculate the covariance matrix S is by
solving the equation

ZTS + SZ + C = 0 (19)

In Appendix A, we describe how to solve this equation in the cases of our interest.

3 A single noise model

In this section, we consider a bipartite system in which only one of the parties interacts
with an external noise. More precisely, the system space is a two-mode Fock space
with creation and annihilation operators a†1, a

†
2 and a1, a2. Anothermode, that we label

0, plays the role of a noise. Consider the 3-mode Fock space �(C3) and the Gaussian
GKLS generator (8) with m = 2 and

L1 =
(

eβ

eβ − 1

)1/2

a0 L2 =
(

1

eβ − 1

)1/2

a†0 (20)

H = g

2

(

a0a
†
1 + a†0a1

)

+ ω

2

(

a1a
†
2 + a†1a2

)

+ κ

2

2
∑

j=1

(

a2j + a†2j

)

(21)

where g, ω are nonzero constants so that the interaction between parties 0–1 and 1–2
is nonzero. The constant g is the coupling strength and β > 0 the inverse temperature
of the reservoir. Note that, with a transformation a1 → ia1, a

†
1 → −ia†1 and a2 →

−ia2, a
†
2 → ia†2 , if necessary, we can always assume ω > 0 and get ω = 1 by a time

change t → ωt . Therefore, from now on, we assume ω = 1.
In this case, first one immediately identifies matrices U , V ,	, K . Then, by (16)

and (17), setting ˜β = coth(β/2), matricesZ andC of the Gaussian QMS of this model
are

Z = 1

2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−1 0 0 0 −g 0
0 0 0 −g κ −1
0 0 0 0 −1 κ

0 g 0 −1 0 0
g κ 1 0 0 0
0 1 κ 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

C =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

˜β 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 ˜β 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(22)

Note that β > 0 implies ˜β > 1. Moreover, the function ]0,+∞[� t �→ coth(1/(2t))
monotonically maps ]0,+∞[ to ]1,+∞[ and so it is an increasing function of the
temperature. The characteristic polynomial of Z is the product of two factors

λ3 + λ2

2
+ 1 − κ2 + g2

4
λ + 1 − κ2 − g2κ

8

λ3 + λ2

2
+ 1 − κ2 + g2

4
λ + 1 − κ2 + g2κ

8
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By the Routh–Hurwitz criterion (see, for example, [27]) a third order polynomial
c0λ3 + c1λ2 + c2λ + c3 is stable if and only if c0, c1, c3 > 0 and c1c2 − c0c3 > 0. In
this case, the latter condition becomes

(1 + g2 − κ2) − (1 + g2κ − κ2) = g2(1 − κ) > 0

(1 + g2 − κ2) − (1 − g2κ − κ2) = g2(1 + κ) > 0

so that, since we assumed g �= 0, we find 0 ≤ |κ| < 1. Condition c3 > 0 implies then
g2|κ| < 1 − κ2. Summarizing

Lemma 8 Assume g �= 0. The matrix Z in (22) is stable if and only if either κ = 0 or

0 < |κ| < 1 and 0 < g2 < (1 − κ2)/|κ|. (23)

The above lemma shows that, forZ to be stable, we need |κ| < 1 and the interaction
strength has to vanish as |κ| tends to 1.

By Theorem 7, solving Eq. (19), we have the following

Proposition 9 If κ = 0 or the inequalities (23) hold the Gaussian QMS generated by
(8)with L1, L2, H given by (20), (21) has a unique invariant state which is a quantum
Gaussian state with covariance matrix S equal to ˜β/((1−κ2)3 −κ2(1−κ2)g4) times

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

δ3+g2κ2(δ−g2) gκ3(δ−g2) gκ2(δ−g2) −g2κ3(δ−g2) gk2(δ−g2κ2) −gκ(δ−g2κ2)

gκ3(δ−g2) δ−g2κ2(g2+κ2) κ(δ−g2κ2) −gκ2(δ−g2κ2) κ(δ−g2κ2(g2+κ2)) −κ2(δ−g2)

gκ2(δ−g2) κ(δ−g2κ2) δ−g2κ2 −gκ(δ−g2κ2) κ2(1−κ2−g2) −κ(1−κ2−g2)

−g2κ3(δ−g2) −gκ2(δ−g2k2) −gκ(δ−g2κ2) δ3+g2κ2(δ−g2) −gκ3(δ−g2) gκ2(δ−g2)

gκ2(δ−g2) κ(δ−g2κ2(κ2+g2)) κ2(δ−g2) −gκ3(δ−g2) δ−g2κ2(g2+κ2) −κ(δ−g2κ2)

−gκ(δ−g2k2) −κ2(δ−g2) −κ(δ−g2) gκ2(δ−g2) −κ(δ−g2κ2) δ−g2κ2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

where δ = 1 − κ2.

Remark Note that, for κ = 0, the covariance matrix of the Gaussian invariant state
is ˜β times the identity matrix. Clearly, this is not entangled. Indeed, as expected, the

invariant state is the thermal state (1 − e−β) e−β(a†0a0+a†1a1+a†2a2).

Tracing out the noise, namely removing the first and fourth rows and columns, corre-
sponding to the 0mode, the reduced invariant density Sred turns out to be ˜β

(

1 − κ2
)−1

· ((1 − κ2)2 − g4κ2
)−1

times

⎡

⎢

⎢

⎣

1−κ2−g2κ2(g2+κ2) κ
(

1−κ2−g2κ2
)

κ(1−κ2)−g2κ3
(

1+g2
) −κ2

(

1−κ2−g2
)

κ
(

1−κ2−g2κ2
)

1−κ2−g2κ2 κ2
(

1−κ2−g2
) −k

(

1−κ2−g2
)

κ(1−κ2)−g2κ3
(

1+g2
)

κ2
(

1−κ2−g2
)

1−κ2−g2κ2(g2+κ2) −κ
(

1−κ2(1+g2)
)

−κ2
(

1−κ2−g2
) −κ

(

1−κ2−g2
) −κ

(

1−κ2(1+g2)
)

1−κ2−g2κ2

⎤

⎥

⎥

⎦

Note that, since 0 < |κ| < 1 and g2 < (1 − κ2)/|κ|

1 − κ2 − g2κ2 >
(

1 − κ2
)

(1 − |κ|) > 0 (24)
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1 − κ2 − g2κ2(g2 + κ2) > 1 − κ2 − |κ|(1 − κ2)((1 − κ2)|κ|−1 + κ2)

= κ2
(

1 − κ2
)

(1 − |κ|) > 0 (25)

The reduced state is entangled if and only if the matrix

˜Sred = Sred +

⎡

⎢

⎢

⎣

0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

⎤

⎥

⎥

⎦

is not positive semidefinite.
Entanglement of a bipartite Gaussian state can be established by an inequality on

a certain nonlinear function of determinants of 2 × 2 blocks and a trace of a product
of these blocks (see [28], inequality (17)). However, checking this condition implies
the verification of various inequalities and, in the end, it is essentially tantamount to
the direct verification of the positivity of the roots of the characteristic polynomial.
Therefore we follow this path. As a bonus, we also see that, in our models,˜Sred is not
positive semidefinite if and only if its determinant is strictly negative. In other words,
the determinant of˜Sred is an entanglement witness of the Gaussian bipartite state.

The characteristic polynomial of the above matrix is

λ4 − 2˜β
(

2(1 − κ2) − g2k2
(

1 + κ2 + g2
))

(

1 − κ2
)

(

(

1 − κ2
)2 − g4κ2

) λ3

+ ˜β2(6 − (2 + g2)2k2 + (−2 + g4)k4) − 2(1 − k2)2(1 − (2 + g4)k2 + k4)

(1 − κ2)2(1 − (2 + g4)κ2 + κ4)
λ2

−
˜β
(

2˜β2
(

2 − g2k2
) + 2

(

1 − k2
) (

g2k4 + (

g4 + g2 + 2
)

k2 − 2
))

(

1 − k2
)2 (1 − (

g4 + 2
)

k2 + k4
)

λ

+
˜β2

(

g4
(

κ2 − κ4
) + 2

(

κ4 − 1
)) + ˜β4 + (

1 − κ2
)2 (

(1 − κ2)2 − g4κ2
)

(

1 − κ2
)2 (

(1 − κ2)2 − g4κ2
)

The λ3 coefficient is negative because it is minus the trace of Sred which has positive
diagonal entries or by (24) and (25). The λ2 and λ coefficients are positive by ˜β ≥ 1
and Lemma 16. Finally the zero order term (determinant) is equal to

˜β4 − (1 − κ2)
(

2 + 2κ2 − g4κ2
)

˜β2 + (

1 − κ2
)2 (

(1 − κ2)2 − g4κ2
)

(

1 − κ2
)2 (

(1 − κ2)2 − g4κ2
)

The numerator, as a function of˜β2 is a parabola with axis the vertical line with abscissa
(1 − κ2)(−1 − κ2 + g4κ2/2) which is negative by

−1 − κ2 + g4κ2/2 < −1 − κ2 + (1 − κ2)2/2 = −1/2 − 2κ2 + κ4/2 < −1/2
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Fig. 1 Comparison of bounds on g in terms of κ

as |κ| < 1. Therefore, the determinant can be negative for some values of ˜β > 1 if
and only if its value at 1 is negative namely

κ2
(

−4(1 − κ2)2 + g4κ2(1 − κ2) + κ6
)

< 0

This inequality yields another upper bound on g2. Finally, solving the second order
inequality in ˜β that corresponds to negativity of the determinant of˜Sred, we prove the
following

Theorem 10 The following conclusions hold

1. There exists ˜β > 1 for which the Gaussian invariant state is entangled if and only
if g �= 0, 0 < |κ| < 1 and

g2 < min

{

(1 − κ2)

|κ| ,

√

max{4(1 − κ2)2 − κ6, 0}
|κ|√1 − κ2

}

2. For such g, κ the Gaussian invariant state is entangled if and only if 1 < ˜β < ˜β∗
with

˜β∗ = 1 − κ4 + 1

2

(

|κ|
(

1 − κ2
)
√

16 − g4κ2
(

4 − g4
) − g4κ2

(

1 − k2
)

)

=
(

1 − κ2
)

(

1 + κ2 + 1

2
|κ|

√

16 − g4κ2
(

4 − g4
) − g4κ2

2

)

Figure 1 shows that the bound g2 < (1−κ2)/|κ| for stability of Z prevails over the

other one for |κ| <

√

(

5 − √
13

)

/2 ≈ 0.8349996... Moreover, for |κ| > 0.834996...

one cannot get an entangled state for any g since the above upper bound goes to 0.

Corollary 11 If 0 < |κ| <

√

(

5 − √
13

)

/2 one can always find a g such that g2 <

(1 − κ2)/|κ| and ˜β > 1 for which the invariant state is entangled.
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Fig. 2 Comparison of entangled state regions, intersection of the light-orange and light-blue regions, in the
(κ, g) plane for different values of ˜β

Remark It is interesting to compare, for fixed ˜β, values of (κ, g) for which one gets
stationary entangled states. Figure2 shows the outcome for ˜β = 1.05, 1.2 and 1.28.

The orange border region (light-orange color) is determined by the inequality
g2|κ| < 1− κ2, the blue border region (light blue color) by negativity of the determi-
nant of˜Sred. The Gaussian open system has a unique invariant state which is Gaussian
and entangled for (κ, g) in the intersection of the two regions. One can note that as
the temperature increases, there are less and less values of parameters κ, g for which
the stationary state is entangled. The region shrinks to a single point, approximately
(0.51..., 0), for ˜β tending to 1.3 and there is no Gaussian entangled state for ˜β � 1.3...
It is worth noticing that, for any value of ˜β, the negative determinant has a minimum
for κ ≈ 0.5... and g = 0. Indeed, quantifying the degree of entanglement by logarith-
mic negativity (see [18] and the references therein), one could see that entanglement
is bigger for k ≈ 0.5, g near 0 (but nonzero) and ˜β slightly bigger than 1. However,
we do not develop these considerations in detail because they only confirm the results
already found without adding much.

Remark It isworth noticing that, choosing a˜β dependingonκ , one canget an entangled
stationary state for essentially all parameters (κ, g) fulfilling g2|κ| < 1− κ2. Indeed,
the Taylor expansion of ˜β∗ in the variable g4 at g = 0 yields ˜β∗ = 1+ 2|κ| − 2|κ|3 −
κ4 + o(g4). This suggests a choice of ˜β < ˜β∗ like ˜β = 1 + |κ|(1 − |κ|)/4. Figure3
shows the region (again, intersection of light blue and yellow gray regions) in the
stripe { (κ, g) | 0 < |κ| < 0.8 } of values (κ, g) for which this choice of ˜β yields an
entangled state. Warning: points (0, g) (g arbitrary) must be removed.

Finally, for comparison with the two noise model that we shall analyze in the next
section it is useful to have a look at Fig. 4.

4 Two noise model

In this section, we analyze the situation when also the second party interacts with a
noise labeled by the index 3 and modeled by another damped and pumped quantum
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Fig. 3 ˜β = 1+|κ|(1−|κ|)/4, determinant of˜Sred negative in the light blue colored region including almost
all the stability region

Fig. 4 Entangled state for (g, b = ˜β) in the blue region for different κ

harmonic oscillator with inverse temperature β3 > 0. The inverse temperature of the
other reservoir will be denoted by β0 > 0. Consider the 4-mode Fock space �(C4)

and the Gaussian GKLS generator (8) with m = 4, L1, L2 as in (20) and

L3 =
(

eβ3

eβ3 − 1

)1/2

a3 L4 =
(

1

eβ3 − 1

)1/2

a†3 (26)

H = HS + Hint (27)

= 1

2

(

a1a
†
2 + a†1a2

)

+ κ

2

2
∑

j=1

(

a2j + a†2j

)

+ g

2

(

a0a
†
1 + a†0a1 + a2a

†
3 + a†2a3

)

(28)
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where g �= 0 so that the interaction between parties 0–1 and 2–3 is nonzero. The
Hilbert space of the whole open quantum system is

h = �(C4) = �(C)
︸ ︷︷ ︸

reservoir

⊗ �(C) ⊗ �(C)
︸ ︷︷ ︸

system

⊗ �(C)
︸ ︷︷ ︸

reservoir

(indexes) 0 (1 ⊗ 2) 3

The matrices Z,C in the explicit formula for the action of the Gaussian QMS on
Weyl operators (see [29] Theorem 2.4) are as follows.

Z = 1

2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−1 0 0 0 0 −g 0 0
0 0 0 0 −g κ −1 0
0 0 0 0 0 −1 κ −g
0 0 0 −1 0 0 −g 0
0 g 0 0 −1 0 0 0
g κ 1 0 0 0 0 0
0 1 κ g 0 0 0 0
0 0 g 0 0 0 0 −1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(29)

C =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

˜β0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 ˜β3 0 0 0 0
0 0 0 0 ˜β0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 ˜β3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(30)

where ˜β j = coth(β j/2) for j = 0, 3. The characteristic polynomial of Z is

(

λ4 + λ3 + 2(1 + g2) − κ2

4
λ2 + 1 − κ2 + g2

4
λ + 1 − κ2 + g4

16

)2

(31)

Recall that, given a fourth order polynomial,

λ4 + a3λ
3 + a2λ

2 + a1λ + a0

the Routh–Hurwitz criterion for stability (see [27]) reads as follows:

ai > 0 (i = 0, 1, 2, 3), a3a2 > a1, a3a2a1 > a23a0 + a21

The first condition is equivalent to κ2 < min{ 1 + g2, 1 + g4 } the second condition
always hold and the last one reduces to g2(2 − κ2) > 0. Summarizing
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Lemma 12 Assume g �= 0. The matrix Z (29) is stable if and only if

κ2 < min{ 1 + g4, 2 }. (32)

The covariancematrix of the invariant state is the unique solution ofZTS+SZ+C =
0byTheorem7.However, by leaving arbitrary all the parameters,weget a cumbersome
expression. Therefore, we begin by the case κ = 0 in which we get the following

Proposition 13 If κ = 0, the covariance matrix of the unique invariant state of the
bipartite system is

Sred = ˜β0 + ˜β3

2
1l4 + (˜β0 − ˜β3)g2

4(1 + g4)

⎡

⎢

⎢

⎣

−(1 − g2) 0 0 −(1 + g2)
0 1 − g2 1 + g2 0
0 1 + g2 −(1 − g2) 0

−(1 + g2) 0 0 (1 − g2)

⎤

⎥

⎥

⎦

The invariant state is separable for all g �= 0, ˜β0 > 1, ˜β3 > 1.

Proof The characteristic polynomial of the matrix˜Sred defined as in (7) is

λ4 − 2(˜β0 + ˜β3)λ
3 +

(

3

2
(˜β0 + ˜β3)

2 − 2 − (˜β0 − ˜β3)
2g4

4(1 + g4)

)

λ2

+(˜β0 + ˜β3)

(

(˜β0 − ˜β3)
2g4

4
(

g4 + 1
) − 1

2
(˜β0 + ˜β3)

2 + 2

)

λ

+1 − 1

2
(˜β0 + ˜β3)

2 + 1

16
(˜β0 + ˜β3)

4

−g4(˜β0 − ˜β3)
2(˜β0 + ˜β3)

2

16
(

1 + g4
) + g8(˜β0 − ˜β3)

4 + 32g6(˜β0 − ˜β3)
2

64
(

1 + g4
)2

where the last term (determinant of˜Sred) can also be written as

(

(

˜β0 + ˜β3

2

)2

− 1

)2

+ (˜β0 − ˜β3)
2g4

16
(

1 + g4
)

(

g4(˜β0 − ˜β3)
2 + 32g2

4
(

1 + g4
) − (˜β0 + ˜β3)

2

)

Note that the λ2 coefficient satisfies

3

2
(˜β0 + ˜β3)

2 − 2 − (˜β0 − ˜β3)
2g4

4(1 + g4)
=

(

(˜β0 + ˜β3)
2

2
− 2

)

+(˜β0 + ˜β3)
2 − (˜β0 − ˜β3)

2g4

4(1 + g4)

≥ (˜β0 + ˜β3)
2 − (˜β0 − ˜β3)

2

4
≥ 0
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Minus the first-order coefficient is a multiple of

1

2
(˜β0 + ˜β3)

2 − 2 − (˜β0 − ˜β3)
2g4

4
(

g4 + 1
) ≥ 1

2
(˜β0 + ˜β3)

2 − 2 − (˜β0 − ˜β3)
2

4

= 2

(

(

˜β0 + ˜β3

2

)2

− 1

)

− (˜β0 − ˜β3)
2

4

≥
(

˜β0 + ˜β3

2

)2

− 1 −
(

˜β0 − ˜β3

2

)2

= ˜β0˜β3 − 1

Therefore, the first-order coefficient is strictly negative.
The 0-order term of the fourth-order polynomial is bigger than

(

(

˜β0 + ˜β3

2

)2

− 1

)2

− (˜β0 − ˜β3)
2(˜β0 + ˜β3)

2g4

16
(

1 + g4
)

≥
(

(

˜β0 + ˜β3

2

)2

− 1

)2

−
(

˜β0 − ˜β3

2

)2 (
˜β0 + ˜β3

2

)2

=
(

˜β0 + ˜β3

2
˜β0 − 1

)(

˜β0 + ˜β3

2
˜β3 − 1

)

> 0

Therefore, by Descartes’ rule of signs all roots are strictly positive and the invariant
state is not entangled. ��
Proposition 14 If κ = 1, defining ĝ = (1+ g2)/g4, the covariance matrix S red of the
unique invariant state is

1

2

⎡

⎢

⎢

⎣

(2+ĝ)(˜β0+˜β3)−(˜β3−˜β0) (1+ĝ)(˜β0+˜β3) 2g2 ĝ ˜β0 −g2 ĝ(˜β0−˜β3)

(1+ĝ)(˜β0+˜β3) (2+ĝ)(˜β0+˜β3)+(˜β3−˜β0) g2 ĝ (˜β0−˜β3) 2g2 ĝ ˜β3

2g2 ĝ ˜β0 g2 ĝ (˜β0−˜β3) (2+ĝ)(˜β0+˜β3)−(˜β3−˜β0) −(1+ĝ)(˜β0+˜β3)

−g2 ĝ(˜β0−˜β3) 2g2 ĝ ˜β3 −(1+ĝ)(˜β0+˜β3) (2+ĝ)(˜β0+˜β3)+(˜β3−˜β0)

⎤

⎥

⎥

⎦

For all ˜β0, ˜β3 > 1 such that

2(˜β0 + ˜β3 − 1)2 − (˜β0 − ˜β3)
2 < 6, (33)

one can find a g2 big enough for which the stationary state is entangled.

Proof The characteristic polynomial of˜Sred now is

λ4 − 2(˜β0 + ˜β3)(1 + g2 + 2g4)

g4
λ3

+
(
(

7g8 + 4g6 + 9g4 + 4g2 + 2
)

(˜β0 + ˜β3)
2

2g8
+ 2˜β0˜β3

(

3g4 + 4g2 + 2
)

g4
− 2

)

λ2
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−1 + g2 + 2g4

2g8

(

(˜β0 + ˜β3)
3(1 + g4) + 4g4(˜β0˜β3 − 1)(˜β0 + ˜β3)

)

λ

+ (˜β0 + ˜β3)
4
(

1 + g4
)2

16g8
−

(

2 + 4g2 + 5g4 + 3g8
)

(˜β0 + ˜β3)
2

2g8

+
˜β0˜β3(˜β0 + ˜β3)

2
(

1 + g4
)

2g4
− 2˜β0˜β3

(

2 + 4g2 + g4
)

g4
+ 1 + ˜β2

0
˜β2
3

The λ3 coefficient is clearly negative. The λ2 coefficient is positive by

(

7g8 + 4g6 + 9g4 + 4g2 + 2
)

(˜β0 + ˜β3)
2

2g8
+ 2˜β0˜β3

(

3g4 + 4g2 + 2
)

g4
− 2

= 7(˜β0+˜β3)
2

2
−2 +

(

4g6 + 9g4 + 4g2 + 2
)

(˜β0 + ˜β3)
2

2g8
+2˜β0˜β3

(

3g4 + 4g2 + 2
)

g4

≥ 12 +
(

4g6 + 9g4 + 4g2 + 2
)

(˜β0 + ˜β3)
2

2g8
+ 2˜β0˜β3

(

3g4 + 4g2 + 2
)

g4
> 0

The λ coefficient is clearly negative.
The coefficient of λ0 (i.e., the determinant) is more complicated. For this reason,

it has been written collecting sums and products of inverse temperatures. Computing
the limit as g2 goes to infinity of the determinant we find

1 + (˜β0 + ˜β3)
4

16
+ ˜β0˜β3(˜β0 + ˜β3)

2

2
+ ˜β2

0
˜β2
3 − 3

2
(˜β0 + ˜β3)

2 − 2˜β0˜β3

= 1 +
(

(˜β0 + ˜β3)
2

4
+ ˜β0˜β3

)2

− 3

2
(˜β0 + ˜β3)

2 − 2˜β0˜β3

=
(

(˜β0 + ˜β3)
2

4
+ ˜β0˜β3 − 1

)2

− (˜β0 + ˜β3)
2.

Since ˜β0, ˜β3 > 1, the argument of the squares are positive and the above limit is
negative if and only if (˜β0 + ˜β3)

2 + 4˜β0˜β3 − 4 < 4(˜β0 + ˜β3). A little manipulation
shows that this is equivalent to inequality (33). ��
Remark The left-hand side of (33) determines an hyperbolawith center (1/2, 1/2) and
asymptotes (

√
2∓1)˜β0+(

√
2±1)˜β3 = √

2 intersecting the half-lines ˜β0 = 1, ˜β3 > 1
and˜β0 > 1, ˜β3 = 1 at points (1, 2

√
2−1) and (2

√
2−1, 1). If˜β0, ˜β3 > 1 lie under the

hyperbola then one can always find a g2 > 0 forwhich the stationary state is entangled.
A closer look at the inequality above also shows that one can allow a simultaneous
slight increase of ˜β0, ˜β3 together with their difference still obtaining an entangled
steady state. Roughly speaking, larger temperature differences allow the use of hotter
thermal baths, but not too hot due to the upper bounds ˜β0, ˜β3 ≤ 2

√
2 − 1.

Moreover, it is clear that if |˜β0 − ˜β3| increases, with constant ˜β0 + ˜β3 and g, the
minimum eigenvalue of˜Sred becomes more negative. Therefore, one could say that the
steady state becomes “more entangled”.
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Fig. 5 κ = 1, two noises, entangled state for (g, b) in the shaded region. Comparison with Fig. 4 shows
that adding noise “improves” entanglement

The temperature difference, however, seems less relevant than the other parameters,
therefore we now set ˜β0 = ˜β3 = b and analyze the dependence on the two variables
g, b. The matrix˜Sred becomes

˜Sred =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

b 1+g2+2g4

2g4
b 1+g2+g4

2g4
b 1+g2+g4

2g4
− i 0

b 1+g2+g4

2g4
b 1+g2+2g4

2g4
0 b 1+g2

2g2
+ i

b 1+g2+g4

2g4
+ i 0 b 1+g2+2g4

2g4
−b 1+g2+g4

2g4

0 b 1+g2

2g2
− i −b 1+g2+g4

2g4
b 1+g2+2g4

2g4

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

The determinant is now
(

b4
(

2g4 + 1
)2 − 2b2

(

4g8 + 4g6 + 7g4 + 4g2 + 2
)

+ g8
)

/g8

and it can be factored as follows

g−8
((

2b2 + 2b−1
)

g4+2bg2 + b2 + 2b
) ((

2b2−2b − 1
)

g4 − 2bg2 + b2−2b
)

The first two factors are always positive. One can see that the third factor is negative
if and only if

1 ≤ b <
1 + g2 + g4 + √

(1 + g2 + g4)2 + g4(1 + 2g4)

1 + 2g4
.

Figure5 shows the region in the (g, b) plane in which this inequality holds.
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Since

lim|g|→+∞
1 + g2 + g4 + √

(1 + g2 + g4)2 + g4(1 + 2g4)

1 + 2g4
= 1 + √

3

2
,

1 + g2 + g4 + √

(1 + g2 + g4)2 + g4(1 + 2g4)

1 + 2g4
= 2 ⇔ g = 0 or g = ± 2√

3

one can draw the following conclusion:

Theorem 15 In the two noisemodel with κ = 1 and˜β0 = ˜β3 = b entangled stationary
states arise

1. For 1 < b ≤ (1 + √
3)/2 (low temperature) and any coupling constant g,

2. For (1 + √
3)/2 < b ≤ 2 (“moderate/low” temperature) for small coupling

strength

0 < g2 <
b + √

2b(b − 1)(−b2 + 2b + 1)

2b2 − 2b − 1

3. For 2 < b < 1+ √
2 (“moderate/high” temperature) for small, but not too small,

coupling strength,

b − √

2b(b − 1)(−b2 + 2b + 1)

2b2 − 2b − 1
< g2 <

b + √

2b(b − 1)(−b2 + 2b + 1)

2b2 − 2b − 1

4. Never for b ≥ 1 + √
2 (high temperature).

Note that the bound b ≤ (1 + √
3)/2 also comes from (33) setting ˜β0 = ˜β3.

5 Conclusion and outlook

We proved that the bipartite open system with Hamiltonian (2) and a local interaction
with one or two reservoirs has a uniqueGaussian entangled stationary state and that any
initial state converges toward this stationary state under some explicit conditions on the
interaction strength and reservoir temperature. In this way, the created quantum entan-
glement turns out to be stable and survives for all times also for non-vanishing bath
temperatures even with external noise. We also mentioned entanglement quantifica-
tion via logarithmic negativity, although we expect that it will just confirm predictions
of determinant negativity of˜Sred.

In our model parties 1 and 2 directly interact. However, it is not difficult to make
them non-interacting by the unitary transformation (a passive element, in the language
of [20])
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U =

⎡

⎢

⎢

⎣

1/
√
2 1/

√
2 0 0

−1/
√
2 1/

√
2 0 0

0 0 1/
√
2 1/

√
2

0 0 −1/
√
2 1/

√
2

⎤

⎥

⎥

⎦

In this way, with respect to the transformed annihilation and creation operators HS ,
b1 = (a1 + a2)/

√
2, b2 = (−a1 + a2)/

√
2 becomes

ω

2

(

b†1b1 − b†2b2
)

+ κ

2

2
∑

j=1

(

b† 2j + b2j

)

and one finds that coupling with external baths can induce entanglement even if the
system parties are not interacting.

Itmight be interesting to analyze the timedependence of entanglement. If conditions
on parameters hold, a separable initial state will become entangled in finite time
because the determinant of˜Sred is a continuous function of time by (15) and its limit
at infinity is strictly negative. The quantification of entanglement sudden birth as well
as the time behavior of entanglement seem much more involved as they depends on
symplectic diagonalization of a time dependent family of covariance matrices.

Appendix A: Solving ZTS+ SZ+ C = 0

We consider the two noises case for simplicity. Write

C =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

˜β0 . . . 0 0 . . . 0
. . . . . . . . . . . . . . . . . .

0 . . . ˜β3 0 . . . 0
0 . . . 0 ˜β0 . . . 0
. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . ˜β3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

= ˜β0 + ˜β3

2
C1 + ˜β0 − ˜β3

2
Cδ

where

C1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

Cδ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦
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SinceZ is stable, for all symmetricmatrixY, that the solutionX ofZTX+XZ+Y = 0
is

X =
∫ ∞

0
esZ

T
YesZds

and is clearly linear in Y. Therefore, calling S1 and Sδ solutions corresponding to C1
and Cδ , we have

S = ˜β0 + ˜β3

2
S1 + ˜β0 − ˜β3

2
Sδ

As an additional remark, note that if ZT +Z+C1 = 0, as in the case of the matrix
Z in Sect. 4 with κ = 0, then

∫ ∞

0
esZ

T
C1e

sZds −
∫ ∞

0
esZ

T
(ZT + Z)esZds = 1l8

and so

S = ˜β0 + ˜β3

2
1l8 + ˜β0 − ˜β3

2
Sδ

Appendix B: Inequalities

This section contains the proofs of the elementary inequalities that we need to establish
the sign of eigenvalues of matrices˜Sred.

Lemma 16 For all |κ| < 1, ˜β > 1 and 0 < g2 < (1 − κ2)/|κ| we have

6 − (2 + g2)2κ2 + (−2 + g4)κ4) > 0 (34)

4 +
(

2 − g2
)2

κ2 −
(

3g4 + 14
)

κ4 + 2
(

g4 + 4
)

κ6 − 2κ8 > 0 (35)

2˜β2
(

2 − g2κ2
)

+ 2
(

1 − κ2
) (

g2κ4 +
(

g4 + g2 + 2
)

κ2 − 2
)

> 0 (36)

Proof First of all note that since |κ| < 1, the inequality 0 < g2 < (1−κ2)/|κ| implies
the weaker one 0 < g2 < (1 − κ2)/κ2 that will be used in the proof.

To prove the inequality (34), first write the left-hand side as 6 − 4κ2 − 2κ4 −
4 g2κ2 − g4κ2

(

1 − κ2
)

. Therefore, by g2κ2 < (1 − κ2) and g4κ2 < (1 − κ2)2, we
have

6 − (2 + g2)2κ2 + (−2 + g4)κ4) ≥ 2(1 − κ2)(3 + κ2) − 4(1 − κ2) −
(

1 − κ2
)3

= (1 − κ2)
(

1 + 4κ2 − κ4
)

> 0.

123



    4 Page 22 of 24 A. Dhahri et al.

Collecting powers of g, we can write (35) as

4 + 4κ2 − 14κ4 + 8κ6 − 2κ8 − 4κ2g2 +
(

1 − 2κ2
) (

1 − κ2
)

κ2g4 (37)

Therefore, if κ2 ≥ 1/2, by the inequality 0 < g2κ2 < 1 − κ2, (37) is bigger than

4 + 4κ2 − 14κ4 + 8κ6 − 2κ8 − 4(1 − κ2) +
(

1 − 2κ2
) (

1 − κ2
)3

= (1 − κ2)(1 + 4κ2 − κ4) > 0

Otherwise, if κ2 ≤ 1/2, note that the last term of (37) is positive and hence it is bigger
than

4 + 4κ2 − 14κ4 + 8κ6 − 2κ8 − 4(1 − κ2)

= 2κ2(1 − κ2)(4 − 3κ2 + κ4) > 0

and the inequality (35) is proved.
To check (36), note that since 2− g2κ2 > 2− (1− κ2) > 1 and κ4g2 < g2κ2 < 1

the left-hand side is bigger than

2
(

2 − g2κ2
)

+ 2
(

1 − κ2
) (

g2κ4 +
(

g4 + g2 + 2
)

κ2 − 2
)

= 2κ2
(

4 − 2κ2 − κ4g2 + (1 − κ2)g4
)

> 2κ2
(

4 − 2κ2 − 1
)

> 0

This proves the inequality (36). ��
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