Journal of Stochastic Analysis

Volume 6 | Number 1 Article 9

March 2025

GAUSSIAN QUANTUM MARKOV SEMIGROUPS IN THE FOCK-
ANTI-FOCK REPRESENTATION OF WEYL ALGEBRA

A Dhahri
Mathematics Department, Politecnico di Milano, Piazza Leonardo da Vinci 32, | - 207133 Milano, Italy,
ameur.dhahri@polimi.it

Franco Fagnola
Politecnico di Milano, franco.fagnola@polimi.it

D Poletti
Mathematics Department, University of Genova, Via Dodecaneso 35, | - 16146 Genova, Italy,
damiano.poletti@unige.it

Hyun Jae Yoo

School of Computer Engineering and Applied Mathematics, and Institute for Integrated Mathematical
Sciences, Hankyong National University, 327 Jungang-ro, Anseong-si, Gyeonggi-do 17579, Korea,
yoohj@hknu.ac.kr

Follow this and additional works at: https://repository.Isu.edu/josa

b Part of the Analysis Commons, and the Other Mathematics Commons

Recommended Citation

Dhahri, A; Fagnola, Franco; Poletti, D; and Yoo, Hyun Jae (2025) "GAUSSIAN QUANTUM MARKOV
SEMIGROUPS IN THE FOCK-ANTI-FOCK REPRESENTATION OF WEYL ALGEBRA," Journal of Stochastic
Analysis: Vol. 6: No. 1, Article 9.

DOI: 10.31390/josa.6.1.09

Available at: https://repository.lsu.edu/josa/vol6/iss1/9


https://repository.lsu.edu/josa
https://repository.lsu.edu/josa/vol6
https://repository.lsu.edu/josa/vol6/iss1
https://repository.lsu.edu/josa/vol6/iss1/9
https://repository.lsu.edu/josa?utm_source=repository.lsu.edu%2Fjosa%2Fvol6%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/177?utm_source=repository.lsu.edu%2Fjosa%2Fvol6%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/185?utm_source=repository.lsu.edu%2Fjosa%2Fvol6%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.lsu.edu/josa/vol6/iss1/9?utm_source=repository.lsu.edu%2Fjosa%2Fvol6%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages

Journalof StochastidAnalysis N
Vol. 6, No. 1 (2025)Article 9 (9 pages) LSLJ | ibraries

DOI: 10 31390/]08& 6.1.09 digitalcommons.lIsu.edu/josa

GAUSSIAN QUANTUM MARKOV SEMIGROUPS IN THE
FOCK-ANTI-FOCK REPRESENTATION OF WEYL ALGEBRA

A. DHAHRI, F. FAGNOLA*, D. POLETTI, AND H.J. YOO

Dedicated to the memory of Professor Habib Ouerdiane

ABSTRACT. We construct Gaussian quantum Markov semigroups on the rep-
resentation of the Weyl algebra in the tensor product of the Fock space and
its conjugate Fock space by the minimal semigroup method. We prove the
explicit formula for the action on Weyl operators and study some properties.

1. Introduction

Gaussian Quantum Markov Semigroups (QMSs) are characterized by two equiv-
alent properties: they leave Gaussian states invariant ([16]) and their generator is
represented in GKLS form with unbounded operators ([2, 17] and the references
therein). Gaussian QMSs arise in several models based on linear couplings of
bosonic systems to other bosonic systems with quadratic Hamiltonians and admit
several explicit formulae that are useful in many computations exact or approx-
imate. In a series of recent papers ([2, 12] and the references therein) we began
a systematic study of their properties such as irreducibility, the structure of in-
variant states, the structure of the decoherence-free subalgebras and the spectral
gap. Moreover, as an application, we showed that a bipartite Gaussian quantum
system interacting with an external Gaussian environment may converge towards
a unique Gaussian entangled stationary state (see [8]).

All these results were obtained in the Fock representation of the CCR Weyl
algebra. In this note we present the construction of Gaussian QMSs in the well-
known Fock-anti-Fock or Araki-Woods representation [4]. As we shall see, many
formulas and results are expressed in the same way but new features arise because,
in the Araki-Woods representation, the CCR algebra has a non-trivial commutant.

The paper is organized as follows. In Section 2 we recall the Fock-anti-Fock
representation of the Weyl algebra. Gaussian QMSs on the algebra of all bounded
operators on the Hilbert space of the representation are introduced in Section 3.
Invariant states and irreducibility are briefly discussed in Sections 5 and 4.
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2. Fock-anti-Fock Representation of Weyl Algebra

In this section we introduce the representation of the Weyl algebra, known as the
Araki-Woods representation [4], in the product of boson Fock and its conjugate
Fock space. We follow [1] with notations adapted from the reference [15], and
we refer to [6] Section 9 for properties. The d-dimensional Hilbert space C? is
equipped with an inner product (-, ), linear in the second component. Denote by
['9(C%) =To(C) ® -+ ®I'x(C) the Boson Fock space over C%. Let

ey = (1,u,u®2/\/§,u®3/\/§,---) (2.1)

denote the exponential vector labelled by w. The vector eg is called the Fock
vacuum. The Fock annihilation and creation operators labelled by u € C¢ are the
mutually adjoint operators in I'o(C?) defined on the dense domain spanned by the
exponential vectors by the actions

d

— T - . 2.2
a(u)ev <ua U>ev7 a (u)ev deev—i-eu =0 ( )

The Fock Weyl operator Wy(z) labelled by z € C? is the unitary operator which
acts on the exponential vectors as

Wo(2)e, = 67”2”2/27<Z’v>ez+v, v e Ce (2.3)

The map z — Wy(z) is strongly continuous and forms a representation of the
canonical commutation relations (CCR) in that for z,2’ € C4,

Wo(2)Wo(2') = e ImE20 W4 (2 + 2). (2.4)

Given a Hilbert space k, let k denote its dual, or the conjugate Hilbert space of
k. For each f € k and T € B(k), f € k and T € B(k) are defined by

gy =(f.9), Tf=TF. (2.5)
We make the identification
To(C?) = (To(C))
in which ez = (e,). Let us define the Hilbert space
[(C?) :=To(C) ® (To(CY)). (2:6)
In this space the vacuum vector is defined by
Ey = ey ®e. (2.7)

Let @ € M4(C) be a positive definite d x d matrix with @ > 1 (we denote by 1
also the identity matrix). Define

Qi =v(@+1)/2, Q- :=v(@Q-1)/2,

so that @3 + Q% = Q and Q3 — Q% = 1. For each z € C?, define
W (2) := Wo(Q+2) @ Wo(—Q-z). (2.8)
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It is easily checked that W (z) is a strongly continuous representation of the CCR

in I'(C%). Denoting 2 the von Neumann algebra generated by the operators W (u),

u € C?, its commutant A is generated by the operators W'(z), z € C¢, where
W'(2) = Wo(-Q-2) @ Wo(Q+2). (2.9)

The vector Ej is cyclic and separating for both 20 and 2. Let 9t denote the linear
span of the operators W'(u), u € C?, which is a *-algebra. The corresponding
annihilation and creation operators are respectively defined on 9E, by

Aw) = a(Qru) @ I+ 1@ a' (@), AM(w) =l (Qu) @ T+ ® a(@_w). (2.10)

where I denotes the identity operator on I'o(C?) (see [1, 15] for the details).
Operators A(u), AT(u) are closable. We will denote their closures by the same
symbol.
We also notice that A(u), AT (u), W (u), as operators on 9 E, fulfill the following
commutation relations for all u,v € C,

[A(u), AT (0)]=(u0) T @ I; [A(u),W (0)]=(u,0)W (v); [AT(w),W (0)]=(0,u) W (0)(2.11)
3. Gaussian Quantum Markov Semigroups

Let h = I'(C%) be the Hilbert space defined by (2.6). As in [2] we define the
pre-generator of Gaussian QMSs on B(h) in the Gorini-Kossakowski-Lindblad-
Sudarshan (GKLS) form as follows:

1 m
L(x) =i[H,a] - 5 > (LiLiz — 2LjzLy + L Ly), (3.1)
=1
where 1 < m < 2d, and

d
>
k=

1 1
<ijA;Ak + iﬂjkA;A}; + QKjkAjAk)
Js

1

d
1 1—
+> (2@!4} + QCjAj) : (32)
j=1
d
L= 3 (wAk + wnA]) = A(vi) + AT (wia), (3.3)
k=1
Q = (ij)1§j7k§d = Q" and Kk = (Kjk)lgj,kgd = kT ¢ Md((C), are d X d
complex matrices with Q Hermitian and s symmetric, V = (vg)1<i<m,1<k<d;

U = (wk)i<i<m,i<k<d € Mmxd(C) are m x d matrices and ¢ = ({j)1<j<d € CH,
The notations v;e and u;e denote the vectors in C?* obtained from the I-th row of
the corresponding matrices.

The minimal QMS associated with operators L;, H can be constructed as in
the Fock case. Indeed, one can prove as in [2] Proposition 4.2 that the closure of
the operator G defined the algebraic (not closed) linear manifold D generated by
finite particle vectors

1 m
G=—1H—§;L7Ll
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generates a strongly continuous contraction semigroup (P;);>o on h and D is an
essential domain for G. Moreover, recalling that the generalized commutant of an
unbounded operator L is the set of bounded operators = for which L C Lz, and
noting that operators H, L; belong to the generalized commutant of 2’, we deduce
that P, € 2 for all ¢ > 0.

The construction of the minimal QMS on B(h) follows that usual lines. We

define recursively linear maps 7;(") on B(h) by

79w = PaP

t
0T @) = (PP + Y [ (Lo, T @) L) ds

1>170

and, for all x > 0,
Ti(2) = sup 7" ().

n>0
Writing « = (z+2*)/2+i(x —2*)/(2i) and decomposing self-adjoint operators into
their positive and negative parts, we can extend the definition of 7; to arbitrary
x € B(h). In addition, one can prove that (7;);>0 is a semigroup of completely
positive maps satisfying

(0, Te(x)u) = (v, 2u)

t m
+ / ( (Gu, Ts(x)u) + Z{Lw,’]}(m)Lm} + (v, Ts(z)Gu) )ds
0 1=1
Yu,v € Dom(G), Va € B(h).

It is worth noticing that, for all z € A, n > 0 and t > 0, the operator ﬁ(n)(m)
commutes with all y € 2’ therefore 7;(x) € . It follows that the von Neumann al-
gebra 2 is T;-invariant and one may consider also the QMS obtained by restriction
to 2.

Finally, one can show that T;(1) = 1 for ¢ > 0 applying a standard result on
conservativity of minimal QMS as in [2] Section 4.4.

We would like to point out that, in our opinion, the above construction is
simpler and more straightforward than the one of the predual QMS on the predual
of 2 done in [14] because we do not need to because we are not dealing with the
complicated structure of the predual of 2.

We can show as in [2] the explicit formula of the action of the semigroup acting
on the Weyl operators. It turns out that the action of the semigroup is exactly the
same as that for the Weyl operators of single boson Fock space obtained in [2].

Theorem 3.1. For all Weyl operator W (z), z € C?, we have

1 ! sZ sZ : ! sZ tZ
Ti(W(z)) = exp (—2/0 Re(e*? z,Ce z>ds+1/0 Re(¢, € z)ds) W(e'? z),

where the real linear operators Z and C on C¢ are
Zz = (UTU-VTV)/2+iQ)z+ (UTV = VTU)/2+ir)Z,  (3.5)
Cz = (UTT+VIV)z+ UTV+VTU)z.
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For the self-containedness, we provide with a proof in the Appendix.

4. Irreducibility

The notion of irreducibility plays a key role in the study of the structure of a
QMS. It allows one, for example, when one can find an invariant state, that it is
unique. Moreover, it plays a key role in the study of the structure of a QMS (see
[7] and the references therein). We begin by recalling the

Definition 4.1. A projection p is subharmonic if T¢(p) > p for allt > 0. A QMS
T is irreducible if its only subharmonic are 0 and 1.

Subharmonic projections of a QMS with generator in a GKLS form associated
with unbounded operators G, L; are characterized by the following (see [13] The-
orem III.1)

Theorem 4.2. A projection p is subharmonic for T if and only if the range Rg(p)
of p is invariant for the operators Py (t > 0) of the strongly continuous contraction
semigroup on h generated by G and Lyu = pLyu, for all w € Dom(G) NRg(p), and
all ¢ > 1.

Leaving aside the technical issues of operator domains it is clear that any pro-
jection p € A’ commutes with operators L; and H and so, by (3.1), L(p) = 0.
Therefore p is a fixed point for all maps 7;. As a result, the Gaussian QMS 7T on
B(h) with H, L; given by (3.2), (3.3) is not irreducible for all choices of U, V, Q, k, C.
On one hand, this constitutes a clear difference with respect to Gaussian QMSs in
the Fock representation of the CCR (see [10]), on the other hand, it suggest con-
sidering restrictions of completely positive maps 7; to 2 and modifying Definition
4.1 by adding the condition p € 2.

5. Invariant States

In this section we point out problems arising in the study of invariant states for
the QMS 7T we constructed. Starting from the definition of Gaussian states

Definition 5.1. A normal state w is called a quantum Gaussian state if there
exist ;1 € C* and a real linear, symmetric, invertible operator S such that

W(z) == w(W(z)) = exp (—;Re<z, Sz) —iRe{p, z>) z € Cl. (5.1)

In that case p is called the mean vector and S the covariance operator, and Gauss-
ian state w is also denoted by w(, s)-

Considering the restriction of the QMS T to 2, and denoting by 7. the predual
semigroup on 2. one can prove as in [16, Theorem 5.1].

Proposition 5.2. If T is a Gaussian QMS on A, then T (w(u,s)) = P(w,,s,) With
t t

= etz#u —/ esz#(jds7 S, = etZ” Get? —|—/ e“”Z#C’eSst7 (5.2)
0 0

where Z# denotes the adjoint of the real linear operator Z with respect to the scalar
product Re(-, ).
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Any real linear operator S on C? has a form: Sz = Sy 2+ S5% for z = x+iy € C?
where S; and S5 are complex linear operators. In this case the operator S can be
identified as a real matrix S acting on R?¢ with a relation

_ R€S1 + R6S2 Im52 — ImS1:| |:I:| _ |:I:|

Sz = ImS; +ImSs ReS; — ReS, yl-

With the above notation, we expect to get the following results obtained in [11]
for Gaussian QMS in the usual Weyl representation of the CCR.

Proposition 5.3. If the Gaussian QMS T on 2 has an invariant state, then
Re(A) <0 for all eigenvalue A of Z.

Theorem 5.4. Suppose that sp(Z) NiR = O. If T has an invariant state, then
sp(Z) is contained in the left half-plane, the invariant state is Gaussian with co-
variance matriz and mean vector

/ e’ Ce*Zds, (Z7)7I¢.
0

Moreover, any initial state converges in trace norm towards this Gaussian invari-
ant state.

6. Conclusion and Outlook

We showed that one can investigate Gaussian QMSs on B(h), where h is the
product of the Fock and anti-Fock Hilbert space of the Araki-Woods representa-
tion of the von Neumann algebra 2 of CCR, as in the case where the CCR are
represented in the Fock space. The von Neumann algebra 2 turns out to be in-
variant under completely positive maps 7T;, in this way one gets an example of a
QMS constructed by the minimal semigroup method that does not act on a von
Neumann algebra B(h) (see also [14]).

One may extend (under some summability conditions) these constructions re-
placing C? by an infinite-dimensional Hilbert space and find a Gaussian QMS on
a type III von Neumann algebra. Indeed, it is known ([6] Theorem 40) that 2
is a factor of type III if Q has some continuous spectrum. It would be interest-
ing to study the implications of the emerging non-trivial von Neumann algebraic
structure on the fixed-point and decoherence-free subalgebras.

7. Appendix A. Proof of Theorem 3.1

We follow step by step the method given in [2] with a slight modification.
Step 1. Taking a time derivative at ¢ = 0 of the formula of (3.4) applied to the
vectors ¢ (u) ® ¥(T), we compute L(W(z)). First, in the strong topology, we get

%W(etzz) =W(z) (AT(ZZ) - A(Zz)+ilm(z, Zz)).
t=0

We then obtain that £(W(z)) = W(2)Y (z), where

Y (2) = AT(Z2) — A(Z2) +ilm(z, Z2) — %Re(z, Cz) +1iRe(C, 2).



GQMS IN THE FOCK-ANTI-FOCK REPRESENTATION OF WEYL ALGEBRA 7

Step 2. We rewrite the GKLS pre-generator (3.1) as

LW (2)) = )]+ % > oL + (L] W (2)] L) -

1=1
Using the property 2 = Q*, k = kT, and relations (2.11), one gets
W (2), L)) = -W () (Vz+Uz), [L;W(2)]=W(Z)(Vz+Uz),. (7.1)

And so one gets

[H, W ()] W(z) (AT(Qz + KZ) 4+ A(Qz + KZ) + %(z, Qz + KZ)

+ %(z, 0z + KZ) + Re(C, z>>

By using (7.1) one finds,
Y (LW (=), L] + [LF, W (=) L)

=1

()Y {(VZ+TU2)(Vz+Uz), + L (Vz+ UZ), — Li(VZ+ Uz)} .
=1
Computing term by term, one gets

m
()Y (VE+T2(Vz+Uz) = -W(2) <<z, VVz+VTUz)
=1

+ (5, UUz+ UTVz>> )
Z (Vz4+TUz), = W(z) (AT(U*UZ +UTVz)
+ AV*Vz+ VTUZ)> ,

-W(z)» L

Al

NE

Vz4+Uz), = -W() (AT(V*VZ +VTUz)

N
Il
-

+ AU Uz + UTVz)>.



8 A. DHAHRI, F. FAGNOLA, D. POLETTI, AND H.J. YOO

Gathering all terms one finds that L(W(z)) = W(2)X (2) for some operator X (z)
given by

X(z) = A'((TT=VV)/2+iQ) 2+ (UTV — VTU)/2 + ir) Z)
—A(TT=VV)/2+iQ) 2+ (UTV - VTU) /2 +ix) %)

+%<z, 0z + ikz) — %m+ iRe(¢, 2)
1

-5 ((z, ViV + VIUZ) + (2,002 + UTVE)) .

X (2) and Y (2) coincide for all z € C% and the conclusion of Theorem 3.1 follows.
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